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Artificial periodic structures (metamaterials and photonic crystals) with feature sizes smaller than the wave-
length can be capable of supporting backward waves and producing negative refraction. However, backward
waves may only exist if the lattice cell size is a sufficiently large fraction of the vacuum wavelength and/or the
Bloch wavelength. Explicit lower bounds for the cell size are established and imply, in particular, a limit on the
optical resolution of negative-index lenses. A key tool in the analysis is Fourier decomposition of Bloch waves
and related eigenfrequency estimates. Numerical examples and a detailed exposition of the mechanism of
backward waves are included. © 2008 Optical Society of America
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1. INTRODUCTION

Negative refraction (electromagnetic waves bending the
“wrong” way at material interfaces) and the closely re-
lated phenomenon of backward waves (phase velocity at
an obtuse angle with group velocity) have become one of
the most fascinating areas of research in nanophotonics
this century with hundreds of published research papers
and a number of books and review papers readily avail-
able, Pendry and Smith [1], Milonni [2], Eleftheriades
and Balmain [3], Ramakrishna [4], and others.

As early as the 1940s, Mandelshtam pointed out [5,6]
that waves would negatively refract at the interface
boundary between a regular and a backward-wave me-
dium. In 1967, Veselago [7] showed that media with si-
multaneously negative dielectric permittivity e and mag-
netic permeability u would support backward waves and
exhibit other unusual behavior of wave propagation and
refraction. (The English translation [7] of Veselago’s pa-
per appeared in 1968.)

A turning point in the research on double-negative ma-
terials came in 1999-2000, when Pendry et al. [8] theo-
retically showed and Smith et al. [9] experimentally con-
firmed negative refraction in an artificial material with
split-ring resonators (SRRs). Furthermore, Pendry discov-
ered that Veselago’s unusual “lens” (a slab of a negatively
refracting material) could produce a perfect image of a
point source, thereby beating the diffraction limit [10].
While Veselago’s description of his lens purely relied on
geometric optics, Pendry’s electromagnetic analysis
showed that the evanescent part of light emitted by the
source is “amplified” by the slab, with the ultimate result
of perfect transmission and focusing of both propagating
and evanescent components of the wave. The first, to the
best of my knowledge, publication on what today would be
called a (quasi)-perfect cylindrical lens was in 1994
Nicorovici et al. [11]. Now more detailed follow-up papers
by Milton and Nicorovici [12] and Milton et al. [13] are
available.
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Truly homogeneous materials, in the Veselago sense,
are not currently known. Consequently, much effort has
been devoted to the development of artificial metamateri-
als capable of supporting backward waves and producing
negative refraction. Selected developments are as follows
(all frequencies approximate): Smith et al. [9] (copper
SRR and wires, 4.85 GHz, 2000); Shelby et al. [14] (copper
SRR and strips, 10 GHz, 2001); Parazzoli et al. [15] (a
stack of SRRs with metal strips, 12.6 GHz, 2003); Houck
et al. [16] (composite wire and SRR prisms, 10 GHz,
2003); Smith and Vier [17] (copper SRR and strips,
11 GHz, 2004); Shalaev [18] (pairs of nanorods, 200 THz,
2005-2007); Zhang et al. [19] (nanofishnet with elliptical
voids, 170 THz, 2006); Dolling et al. [20,21] (nanofishnet
with rectangular voids, 210 THz, 380 THz, 2006-2007).

Separately from the progress in metamaterials, nega-
tive refraction was observed and analyzed in singly and
doubly periodic waveguides (Zengerle [22], late 1970s—
1980s) and in photonic crystals (Notomi [23] in 2000).
Since 2000, there have been a number of publications on
negative refraction and the associated lensing effects in
photonic crystals: Luo et al. [24], “all-angle negative re-
fraction” in a bce lattice of air cubes in a dielectric; Cu-
bukcu et al. [25], experimental and theoretical demon-
stration of negative refraction and superlensing in a 2D
photonic crystal in the microwave range; Moussa et al.
[26], experimental and theoretical study of negative re-
fraction and superlensing in a triangular array of rectan-
gular dielectric bars; Yannopapas and Moroz [27] and
Wheeler et al. [28], negative refraction in a lattice of po-
laritonic spheres. See also Parimi et al. [29] (left-handed
behavior of the waves in a triangular lattice of cylindrical
copper rods). An example due to Gajic et al. [30] and
Meisels et al. [31] is discussed later in this paper.

In the designs cited above, the cell size as a fraction of
the vacuum wavelength varies between ~0.11/0.42. One
might hope that further improvements in nanofabrication
and design could bring the cell size down to a smaller
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fraction of the wavelength, thereby approaching the Vese-
lago case of a homogeneous material. However, the main
message of this paper is that the cell size is constrained
not only by fabrication technologies but by fundamental
lower bounds as well.

The objective of this paper is twofold: (i) to clarify the
mechanism of negative refraction and backward waves in
periodic structures and (ii) to show that backward waves
disappear in the homogenization limit and to establish a
lower bound for the lattice cell size of materials capable of
supporting backward waves.

The remainder of this paper is organized as follows.
First, following Veselago, Section 2 reviews wave propa-
gation in a (hypothetical) medium with simultaneously
negative € and u. Sections 3, 4, and 6 provide background
information on the governing equations in real and Fou-
rier space. Section 5 stresses the dependence of refractive
behavior on both intrinsic and extrinsic characteristics of
the Bloch wave (i.e., on its forward/backward character in
the bulk as well as on the “excitation channel” at the in-
terface). Finally, Section 7 establishes the main result of
this paper, lower bounds for the lattice cell size of
negative-index periodic media. Numerical examples are
given and the implications for the optical resolution are
noted.

2. FORWARD AND BACKWARD PLANE
WAVES IN A HOMOGENEOUS ISOTROPIC
MEDIUM

This section examines backward waves in a hypothetical
homogeneous isotropic medium with unusual material
parameters (the “Veselago medium”). Subsequently, we
shall turn to the analysis of forward and backward Bloch
waves in periodic dielectric structures. Even though the
final result of this section is now well established, the
derivation below may be instructive as it does not rely on
any supplementary considerations, such as analyticity of
the index of refraction, the sign of its imaginary part, or
causality (see Milonni [2], Pokrovsky and Efros [32], and
Ziolkowski and Heyman [33] for discussions of these mat-
ters and McCall et al. [34] for a similar analysis).

Consider the behavior of plane waves in a homoge-
neous isotropic medium with arbitrary constant complex
parameters € and u at a given frequency. The only stipu-
lation is that the medium be passive (no generation of en-
ergy), which under the exp(-iwt) phasor convention im-
plies positive imaginary parts €’ and w” of € and w. It will
be helpful to assume that these imaginary parts are
strictly positive and to view lossless materials as a limit-
ing case of small losses, €' — +0, u”— +0. The goal is to
establish conditions for the plane wave to be forward or
backward. In the latter case, one has a Veselago medium.

Let the plane wave propagate along the x axis, with £
=E, and H=H,

E=E, =E,exp(ikx), (1)
H=H,=H,exp(ikx), (2)

where E( and H, are some complex amplitudes. It imme-
diately follows from Maxwell’s equations that
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H0=_E05 (3)
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k= a)\s’,LTe (which branch of the squareroot?). (4)

Which branch of the square root should be implied in the
formula for the wavenumber? In an unbounded medium,
there is complete symmetry between the +x and —x direc-
tions and waves corresponding to both branches of the
root are equally valid. It is clear, however, that each of the
waves is unbounded in one of the directions, which is not
physical.

For a more physical picture, it is tacitly assumed that
the unbounded growth is truncated, e.g., the medium and
the wave occupy only half of the space, where the wave
decays. With this in mind, let us focus on one of the two
waves, the one with a positive imaginary part of &

k">0. (5)

Note that Eq. (5) is not a “fundamental law” of physics
[32] but just one of the two possible subcases. The other
wave, with £”<0, is equally valid but “lives” in the other
half-space; the analysis for it is completely analogous.
Splitting up the real and imaginary exponentials

exp(ikx) = exp(i(k’ +ik")x) = exp(- k"x)exp(ik'x)

we observe that the wave of Eq. (5) decays in the +x di-
rection. On physical grounds, one can argue that the en-
ergy in this wave must flow in the +x direction as well.
This can be verified by computing the time-averaged
Poynting vector

1 1 k )
P=Px=§ReE0H0=§Rew—Iu‘EO| . (6)

To examine the sign of P, let us express P via material pa-
rameters

e=|eexp(ig,); wm=|ulexplig,); 0<¢, ¢,<m.

Then the square root with a positive imaginary part, con-
sistent with the wave of Eq. (5) under consideration gives

bt ¢
k=o\[uld exp(i ").

(7)

Ignoring all positive real factors irrelevant to the sign of P
in Eq. (6) we get

k ¢5_ ¢/J,

sign P = sign Re — = sign cos .
" 2

The cosine, however, is always positive as 0<d¢,, ¢, <.
Thus, as expected, P, is positive, indicating that indeed
energy flows in the +x direction.

The type of the wave (forward versus backward) there-
fore depends on the sign of the phase velocity w/k’, that
is, on the sign of &£’. As follows from Eq. (7),
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Pet by

sign k' = sign cos

and the wave is backward if and only if the cosine is nega-
tive or

b+ b, > 7. (8)

An algebraically equivalent criterion can be derived by
noting that the cosine function is monotonically decreas-
ing on [0, 7] and hence ¢.>7- ¢, is equivalent to

cos ¢ <cos(m—¢,),
or
cos ¢+ cos ¢, <0.

This coincides with the Depine—Lakhtakia condition [35]
for backward waves

E/ !

2
—+—<0. 9)
el |ul

Expression (9) is invariant with respect to the complex
conjugation and is therefore valid for both phasor conven-
tions exp(xiwt).

Note that the analysis above relies only on Maxwell’s
equations and the definitions of the Poynting vector and
phase velocity. No considerations of causality, so common
in literature on negative refraction, were needed to estab-
lish the backward-wave conditions of Egs. (8) and (9).

3. FIELD EQUATIONS AND BLOCH
WAVES

We shall consider the usual 1D, 2D, and 3D renditions of
time-harmonic Maxwell’s equations. At optical frequen-
cies, the intrinsic permeability of all media can be set to
no (Landau and Lifshitz [36]). As a side note, artificial
magnetism can be created in periodic dielectric structures
at optical frequencies (Cai et al. [37] and Linden et al.
[38]). The equivalent “mesoscopic” permeability may then
be different from wu(, but the intrinsic microscopic perme-
ability of the materials involved is still wq.
In 1D, the equation for the E-field is

E"(x)+k?E(x)=0, (10)
with
k2 = w?uge(x).

In periodic structures with € as a periodic function of x, a
fundamental solution of Eq. (10) is the Bloch—Floquet
wave of the form

E(x) = Epgg(x)exp(iKpx), (11

where Kp is the Bloch wavenumber and subscript “PER”
marks functions periodic over the lattice with a given cell
size a.

In 2D, the E-mode (or s-mode, one-component field £
=E,) is described by the equation

V2E +2E =0,

with
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k? = o’ uoe(x,y). (12)

Again, if € is a periodic function of coordinates, the funda-
mental solutions of the field equation are known to be
Bloch waves with a (yet undetermined) wave vector Kg
=(KBx >KBy)

E(r) = Epgg(r)exp(iKg - 1); r=(x,y). (13)

Assuming for simplicity a square lattice cell of size a, sub-
script PER implies periodicity with respect to any lattice
vector (n,a,n,a) with integer n,, n,.
The governing equation for the H-mode (or p-mode,

one-component H-field) is
V-e'VH+ o?uH=0, (14)

and the expression for the Bloch H-wave is completely
analogous to Eq. (13).

Finally, the 3D E-field equation and the corresponding
Bloch wave can be written as

VXVXE-o’ueE=0, (15)
E(r) = Epgg(r)exp(iK - r),

r=(x,y,z), Kp=(Kp,Kp,,Kp.). (16)
The H-field satisfies the wave equation
VX elVXH-wuH=0. (17)

4. FOURIER HARMONICS OF BLOCH
WAVES

In 1D, the periodic factor Epgr(x) from Eq. (11) can be ex-
panded into a Fourier series with coefficients e,, (m
=0,+1,%2,...)

%

Epgrx) = E e, exp(imrgx), ko=2ma~t.  (18)
m=—x
The Fourier coefficients e,, are given by the usual integral
expressions

e, = a’lf Epgr(x)exp(-imkgx) dx, (19)

where the integration is over any period of length a.
In 3D, the Bloch wave is analogous to its 2D form of
Eq. (13)

E(I‘) = EPER(r)eXp(iKB : r)’ r= (x9y’z)5 (20)

and the periodic factor can again be expanded into its
Fourier series

Eppr(r)= D, ey exp(iky 1), (21)

me73

where kp,=xym=«, (m,,m,,m,) with integers m,, m,,
m,, and Fourier coefficients ey. The field is treated as
vectorial for generality, even if it happens to have only
one Cartesian component. Thus the Fourier expansion of
the 3D Bloch wave is
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Er)= > En,= D enexp(iky-rexpiKg-r).

meZ3 meZ3

(22)

This representation of the Bloch wave as a suite of plane
waves E,, is helpful for the analysis and physical inter-
pretation of energy flow, phase velocity, and other proper-
ties of this wave [39].

For u=pg, the expression for E(r) leads, via the Max-
well VXE equation, to a similar decomposition of the
magnetic field

H(r) = E H,= E h,, exp(ik,, - r)exp(iKg - r)

meZ3 meZ3

(23)

with hp, =(wug) ky X e5,. It is important to note from the
outset, as Lombardet et al. do [39], that the individual
plane-wave components of the Bloch wave do not satisfy
Maxwell’s equations in the periodic medium and therefore
do not represent physical fields. Only taken together do
these Fourier harmonics form a valid field.

It is straightforward to verify that the plane waves in
the decomposition are orthogonal functions (in the math-
ematical sense of standard vector Ly inner product) over
the lattice cell. Hence, by Parseval’s theorem, the time-
and cell-averaged Poynting vectors (P)=(Re{E xH*})/2
can be represented as a sum of the Poynting vectors for
the individual plane waves [39]

kn
<P>= 2 Pm; sz
2w

meZ3

leml”. (24)
0

Next, group velocity dw/dk is clearly the same for all
plane-wave components and hence group velocity for the
whole Bloch wave can be defined as v,=dw/Kg. In cases
of weak dispersion, it can be shown [40,41] that this ve-
locity, indeed, approximately represents signal velocity in
the periodic medium.

5. INTRINSIC AND EXTRINSIC PROPERTIES

For the analysis of anomalous wave propagation and re-
fraction, it is important to distinguish intrinsic and ex-
trinsic characteristics of the wave. Intrinsic properties of
the wave refer to its characterization as either forward or
backward, that is, whether the angle between the Poyn-
ting vector and phase velocity (if the latter can be prop-
erly defined) is acute or obtuse. Extrinsic properties refer
to conditions at the interface of the periodic structure
with air or another homogeneous medium. A key point is
that refraction at the interface depends not only on the in-
trinsic characteristics of the wave in the bulk but also on
the way the Bloch wave is excited [39].

Indeed, any plane-wave component of the Bloch wave
can serve as an excitation channel (a lucid term due to
Lombardet et al. [39]) for this wave, provided that—for a
certain angle of incidence—it matches the x component of
the incident wave in the air
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air
KBx + Ko = kx .

This will correspond to a propagating, rather than eva-
nescent, wave in the air if |[Kp, + kom | <k

Refraction properties at the interface are a function of
the intrinsic characteristics of the wave in the bulk as
well as the excitation channel with four substantially dif-
ferent possible combinations. For further details see
[30,39,42] and [40].

6. FOURIER EQUATIONS AND A MODEL
PROBLEM

The well-known Fourier analysis/plane-wave expansion
(PWE) method is briefly described here to fix the notation
and make the paper self-contained. In 2D, the permittiv-
ity e(r) can, as a periodic function of coordinates, be ex-
panded into a Fourier series with coefficients &g,

er)= D Enexpliky, ). (25)

me7?

For the Bloch—Floquet E-field, the negative of the Laplace
operator turns, in the Fourier domain, into multiplication
with |Kg+kp,|%. Furthermore, the product €E of the wave
equation turns into convolution, and thus the eigenvalue
problem in Fourier space reads

|kn|2en = wZMO E €n_m€m- (26)

me7?

It is convenient to have a specific example in mind; how-
ever, the analysis and conclusions will be general. Con-
sider the structure proposed by Gajic et al. [30] and
Meisels et al. [31]. Their photonic crystal is a 2D square
lattice of alumina rods in air (radius r,,3=0.61 mm and
lattice constant a=1.86 mm). The band diagram for the
s- and p-modes (Fig. 1) is computed using the plane-wave
method with 441 waves and, apart from the scaling fac-
tors, is very close to the one in [30,31]. The TE2 disper-
sion curve is mildly convex around the I' point (Kp
=0, wa/2mc~0.427), indicating a negative group velocity
for small positive Kp and a possible backward wave. The
distribution of Poynting components of the same wave is
shown in Fig. 2. It is clear from Fig. 2 that the negative
components outweigh the positive ones so that the power
flows in the negative direction (see [40] for details).
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Fig. 1. (Color online) Photonic band diagram of the Gajic et al.
crystal. TE modes (p-polarization, one-component H-field)

(squares, bold curves). TM modes (s-polarization, one-component
E-field) (circles, dashed curves).
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Fig. 2. (Color online) Plane-wave Poynting components P, for
the Gajic et al. crystal (arb. units). The TE2 mode near the I'
point on the ' =X line (From [40], p. 471, © 2008 Springer Sci-
ence and Business Media, with kind permission of Springer Sci-
ence and Business Media).

In the Gajic et al. [30] crystal, the amplitudes of the
plane-wave harmonics for the TE2 mode are shown in
Fig. 3. For Kg=0 (i.e., at I') the spectrum is symmetric
and characteristic of a standing wave. As Kp becomes
positive and increases, the spectrum gets skewed, with
the backward components (K<0) increasing and the for-
ward ones decreasing. The amplitudes of the spatial har-
monics of this Bloch wave in the first-Brillouin-zone are
quite small. In Section 7, we focus on cases where the
first-Brillouin-zone component of the wave is pronounced
and the structure consequently exhibits some qualitative
characteristics of the Veselago medium.

7. LOWER BOUNDS FOR THE CELL SIZE

A. Homogenization Limit
The following argument indicates that negative refraction
disappears in the homogenization limit when the size of

0.7 T T T T
K, =04xn
P 06 B B
€
S
£ o5t Kg =027 ]
©
I= KB =0.1=n
[} = =
£ oa Kg=0 Kg=0 1
. KE =0.1=n
s K, =0.2
= T
5= 0.

E o3p .
o
g KB =04n
©
3= 02 B
@
=
<
o

0.4+ ﬂi R

- o I
-6 -4 -2 0 2 4 6
Bloch wavenumber /

Fig. 3. (Color online) Amplitudes #%,, of the plane-wave harmon-
ics for the Gajic et al. crystal (arb. units). Second H-mode (TE2)
near the I' point on the I'—X line (From [40], p. 469, ©2008
Springer Science and Business Media, with kind permission of
Springer Science and Business Media).
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the lattice cells tends to zero, provided that other physical
parameters, including frequency, are fixed.

It is natural to normalize the coordinates as Xx=x/a, y
=y/a, Z=z/a so that in the tilde-coordinates the 2D/3D
problem is set up in the unit square/cube and the govern-
ing equations become, in 2D and 3D, respectively,

V2E + @2€E =0, (27)
V XV XE=a&%€r)E, (28)
VX el(r)VxH=oH, (29)

where ¢, kg, and \q are the speed of light, the wavenum-
ber, and the wavelength in a vacuum, respectively; € is
now the relative permittivity, ®=wa/c=kga.

When converted to Fourier space, Eq. (27) becomes a
normalized version of Eq. (26),

|Kp + 27m|%, = @ > nmlm- (30)

me7?

The left hand side is the Fourier representation of —V2
and the right hand side is convolution corresponding to
the product €E.

The homogenization limit (small cell size, long-

wavelength) is a — 0, I?BzKBa — 0. (Sjoberg et al. [43] pro-
vide additional mathematical details on the Floquet-
based homogenization theory for Maxwell’s equations.) As
these limits are taken, the problem and the dispersion
curves in the normalized coordinates remain unchanged,

and the reference point (E),f{) approaches the origin along
a fixed dispersion curve, the acoustic branch. In the ex-
ample of Fig. 1, the acoustic branch is clearly identifiable
as two approximately straight lines originating from the
I" point.

Around the I" point, phase velocity in any given direc-
tion [, w/K,;=&/K, is well defined and equal to group ve-
locity dw/dK; simply by definition of the derivative. No
backward waves can be supported in this regime. This ar-
gument suggests that the relative cell size a/\( of a peri-
odic structure with backward waves must lie above a cer-
tain threshold. To the best of my knowledge, this question
is currently open and has not even been explicitly posed
in literature except for [40].

The existence of a lower bound on the cell size for pho-
tonic crystals is not surprising as they are in any event
expected to have features not much smaller than the
wavelength. For metamaterials, the situation is more in-
teresting, and the cell size limit has a physical explana-
tion. Indeed, the principal component of artificial
metamaterials with negative refraction is some resonat-
ing element [4,9,17,18], and the resonance frequency is,
roughly, inverse proportional to size (Linden et al. [38]
and Tretyakov [44]). As the size of the lattice cell dimin-
ishes, the operating frequency increases so that it is not
the absolute frequency w but the normalized quantity ®
that remains (approximately) constant. If the absolute
frequency were to be fixed as the cell size decreases, the
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resonance would peter out and the backward waves would
disappear in accordance with the general argument
above.

B. Definition of the Weakly Inhomogeneous
Backward-Wave (Veselago) Regime

The rationale for the following set of conditions is to make
the Bloch wave in an artificial structure resemble, to the
extent possible, a plane wave in an ideal Veselago me-
dium.

1. The Bloch wave in the metamaterial is, in some
sense, close to a long-wavelength plane wave.

2. In particular, the plane-wave component in the first-
Brillouin-zone is dominant. It is this component that de-
fines the phase velocity of the Bloch wave.

3. Other plane-wave components collectively produce
energy flow at an obtuse angle with phase velocity.

4. At the air-material interface, it is the long-
wavelength, first-Brillouin-zone component that serves as
the excitation channel for the Bloch wave.

By this definition, the “Veselago regime” corresponds to

small values of K (Kz=Kpa < ). Larger values of Kp in-
dicate a photonic crystal or grating regime, where the lat-
tice size is comparable with the Bloch wavelength. This is
a case of strong inhomogeneity in the sense that the wave
can “see” the microstructure of the medium. It is known
(e.g., Notomi [23], Cubukcu et al. [25]) that negative re-
fraction is possible in such cases.

In the remainder, we investigate the constraints on the
periodic structure in the weakly inhomogeneous
backward-wave regime as defined above. This implies

long Bloch wavelengths, K p=Kpa<1. To simplify the
mathematical analysis, we focus on the limiting case Kp
=0, but the conclusions will apply, by physical continuity,

to small K. Moreover, only media with low losses at the
operating frequency are of practical interest; large losses
would quench all propagating modes. (Stockman [45]
showed that for linear homogeneous negative-index me-
dia large losses close to the operating frequency are un-
avoidable as a matter of principle; this follows from cau-
sality relations.)

In the absence of losses, € is real and may be positive or
negative. The estimates below depend on the average
value of € over the lattice cell or equivalently on the
Fourier coefficient €. It will be assumed that this average
value is not close to zero; this assumption covers the ma-
jority of practical situations. (The effective € of the double-
negative medium, assuming that this value can be ad-
equately defined [46], must be negative but does not have
to be equal to €,.) The case =0 is mathematically quite
involved and left for future studies.

C. Power Flow for Long Bloch Wavelengths

To establish a lower bound for the cell size of a negative-
index structure, we first turn to the 1D case for math-
ematical simplicity. The E-field in the normalized coordi-
nate X is expressed via Fourier harmonics as
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E®) =D e, exp(i2mmX). (31)

mel

It is instructive to examine the direction of power flow.
The average Poynting vector is, according to Eq. (24) and
with a convenient normalization,

P = 20p0a(P) = Kpleo(Kp)|?

+ >, (Kp+2mm)le,,(Kp)? + (Kp - 2mm)le_,,(Kp) .

m=1

(32)

Here it is essential to explicitly indicate that the Fourier
amplitudes e,, depend on the Bloch parameter Kg. Since

the waves corresponding to +Kp are, in the lossless case
(real €), complex conjugates of one another, we have

e_m(I?B)=e:1(—I?B), and the expression for the Poynting
vector becomes

©

P=EKgleoKp)2+ D, (Kg+2mm)|e,(Kp)[?

m=1

+(Kg - 27m)|e,,(- Kp)|?

= Kpleo(Kp)|? + Kp Y, (len(Kp)[% + |en(- Kp)?)

m=1

+27 >, m(le,(Kp)|? - len(- Kp)|?). (33)

m=1
The first two terms in Eq. (33) are directly proportional to

Kp. To make this small parameter explicit in the third
sum as well let us write

P=Kg| leol?+ D, (len(Kp)| + e (- Kp)[?)

m=1
c o ge2

+27 > m— |. (34)
m=1 (?KB

A critical observation is that for small @, the expression in
the large brackets tends to be dominated by |e,|? and to be
positive, making the backward-wave phenomenon diffi-
cult to achieve. Indeed, the eigenproblem of Eq. (30) for
small @ constrains the values of all Fourier harmonics
with the exception of e,

le,| = @*(Kp + 27m)~2

E €n-m€m

mel

= @*(Kp +2mn) | Jell,, n#0, (35)

where the ly-norm, standard for infinite sequences, is
analogous to the Euclidean norm for finite-dimensional
vectors.
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D. Cell Size Bounds for the E-Mode
For ®+#0 and n=&"2,

eE =- 7V2E. (36)

Further analysis relies on the inversion of V2. To unam-
biguously do this, let us split £ up into the zero-mean
term E | and the remaining constant Ey, E=Ey+E . The
symbol “1” indicates orthogonality (in the functional
analysis sense) to the null space of the Laplacian (i.e., to
constants). To eliminate the constant component E,, we
integrate Eq. (36) over the lattice cell. Integrating by
parts and noting that the boundary term vanishes due to
the periodic boundary conditions (Kz=0) we get

E0=—251f eE | dQ, & #0.
Q

(The exceptional case €,=0 is mathematically quite in-
tricate and constitutes a special topic for future research.)
With E, eliminated, the eigenvalue problem for E | be-
comes

e[EL - zglf €k | dﬂ} =-yV2E,.
QO

Since E | by definition is zero-mean,
VHLE, - & (E )} =-7E,, (37)

where V72 is the zero-mean inverse of the Laplacian. Fou-
rier analysis easily shows that this inverse is bounded
(the Poincaré inequality), |V72||=(472)"L. Then, taking
the norm of both sides of Eq. (37) we get

PE <4n2>-1|e|max(1 + |€|’“‘""‘). (38)

[l

This result, which can be viewed as a generalization of
the Poincaré inequality to cases with variable e, leads to a
simple lower bound for the lattice cell size with the mean
and maximum values of € as parameters,

@ ? @ 1 ~ |-1 1
)\_0 = m = |6|I_nax(1 + |60|_ |E‘max)_ . (39)

This is the main result for the 1D case.

E. Cell Size Bounds for the General Case

Turning now to the vector field formulation of Eq. (15), we
simultaneously deal with 2D and 3D cases and rewrite
the field equation as

eE=7V XV XE. (40)

The VX VX operator can be unambiguously inverted if
the result, denoted with (ﬁx)f, is sought in the func-
tional space HIL(Q) of divergence-free zero-mean fields.
For any such field u, VX VX u=-V2u and hence
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[VZulZ= (VX V X u,V X V X u) = (V?u,V?u)
= (47)%(u,0) = (47)?|ulf.

This implies that the inverse curl-curl, considered as an
operator with its range in H', is bounded

(V%)% = (4m?) . (41)

The relevant splitting of E is into the zero-mean
divergence-free term E | e HlL and the curl-free remain-
der Ey=-V¢, (the Helmholtz decomposition), E=E

—Vy. (Curl-free fields are representable as gradients if
the domain is simply connected, which is certainly true
for any Bravais lattice cell.) Field E | is in fact, up to the
factor i@, the magnetic vector potential with the Coulomb
(zero-divergence) gauge.

Taking divergence (in the distributional sense) of the
governing Eq. (40) and integrating over the cell, one

eliminates the electrostatic term V¢, and arrives at an ei-
genvalue problem for E |,

B, -VL'V-(E,) =7V XVXE,,

assuming that the electrostatic operator z:€=€-e€ is
nonsingular. Equivalently, since E, is by definition
divergence-free and zero-mean,

(VX ) B, - VL'V - (E )]} = 7E, . (42)

An upper bound for 7 can be obtained by taking the
Lg-norms of both sides with Eq. (41) in mind,

|7 = (47) Y €l max(1 + N max(L2 D) €lmax) - (43)

This estimate is analogous to the scalar one of Eq. (38),
except that the maximum eigenvalue |\|max(£Z1) (not to be
confused with the wavelength) replaces the inverse mean
value [€)|~! of the permittivity. This eigenvalue is bounded
unless the operating frequency is close to the quasi-static
plasmon resonance value. In the most general situation,
no simple estimate of |\|,a(£77) is available, but it can be
numerically computed using a number of algorithms (see,
e.g., [40]) for any given distribution of € in the lattice cell.

At the same time, there are practically important situ-
ations where the bound for 7 can be made more explicit.
One such case is that of nonplasmonic materials when e
= €1 > 0 throughout the lattice cell. Then

INmax(£7) = €min N max(V7?) = (47 i) ™

and from the estimate of Eq. (43) for || the following
bound on the normalized cell size emerges:

a \2 o \2 1 1
N/ \27) T 47 Jelman(1+ e/ A Emin)
(44)

Another case where the theoretical bound of Eq. (43) can
be made more explicit is that of a lossless host medium,
e=¢y,, with embedded “inclusions” e=¢;=¢] +i€; (spheres,
SRRs, fishnets, horseshoes, rods, etc.). The eigenvalue
Nmax(£2H=\;E (L) can be estimated from the electro-
static energy functional
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(eV), V)= e,W,, + (¢] +i€)W;,

where W), ;=[q, |V#[?dQ. Then noting that |(eV¢,V)|* is
a quadratic form with respect to Wj, ;, one can show that

V(e —€)?+€”

Nmax(£1) =
Ml €25 =5
This estimate can be used in conjunction with the general
bound of Eq. (43).

F. Numerical Illustration

The lower bounds of Egs. (39) and (44) are plotted as a
function of ||, in Fig. 4 for €,;,=1 and two different val-
ues of € (0.5 and 0.1). For illustration, several represen-
tative data points (both theoretical and experimental)
from literature are also shown in Fig. 4. As an approxima-
tion, no distinction is made between different Bravais lat-
tices, even though for cells other than squares and cubes
the numerical factors such as 472 in Eq. (44) would,
strictly speaking, need to be adjusted.

In the microwave regime, when metals are very good
conductors and consequently |€|,,.« is high, the theoretical
bound for the cell size is nonrestrictive and the respective
data points (due to Smith, Shelby, Houck, and others) eas-
ily turn up above the relevant theoretical curve; these
points lie off the chart in Fig. 4.

The Cubukcu et al. [25] data point lies below the theo-
retical line of Eq. (44); however, there is no contradiction
because in this instance negative refraction occurs in the
vicinity of the M point, where the Bloch wavelength and
the lattice cell size are comparable. This constitutes, by
our definition, a strongly inhomogeneous case while the
theoretical bounds apply to the weakly inhomogeneous
(Veselago) regime as defined in Subsection 7.B.

The Moussa and Gajic data points for nonmetallic crys-
tals lie only slightly above the theoretical bound, indicat-
ing that this bound can be approached in some cases.
Still, it must be stressed that the theoretical limits on the
cell size are necessary, but in general not sufficient, con-
ditions for negative refraction. A sufficiently large lattice
cell size makes it possible for higher-order Fourier har-
monics of the Bloch wave to outweigh the first-Brilloin-
zone harmonic but does not guarantee that they will do so
and that they will have the desirable sign.

—non-plasmonic case
--s-mode, gy = 0.5

....§-mode, 50 =0.1

=06
~< i
~ \ Zhang 2006—>
S g4l N Moussa 2005, ghalaey 2005—>
: \ Gajic 2006\}% Dolling 2007
\\\
¥ Cubukcu 2003
02 ™ S ubtikeu Houck 2003—>
B B e EY Shelby 2001=>
________________________ Smith 2000—>
P I
2 4 6 8 10
€max

Fig. 4. (Color online) Bounds on the normalized cell size and a
few representative data points from the literature.
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G. Implications for Imaging

The Pendry—Veselago “perfect lens” (a slab of a hypotheti-
cal lossless and homogeneous medium with index n=-1
[10]) is in principle capable of producing ideal images. In
reality, there are several sources of imperfection, such as
losses (affecting the resolution with a logarithmic factor of
~log(€'/2) [47,48]), surface roughness, nonlocality of the
dielectric response [49,50], and the granularity of the
structure.

The latter constraint is intimately related to the sub-
ject of this paper. According to Smith et al. [48], in the
long-wavelength regime with aA/\y< 1, where A charac-
terizes the deviation of the index from its perfect lens
value of -1, the resolution-limiting factor is log(\y/(aA2))
(see also Luo et al. [51] for the photonic crystal case).
Therefore the bounds of Section 7 on the lattice size a im-
mediately translate into constraints on the maximum op-
tical resolution achievable with a negative-index lens.

H. NonPeriodic Media

As noted by the anonymous reviewer, an interesting open
question is whether or not similar lower bounds exist for
the cell size of nonperiodic negative-index media. The an-
swer is very likely to be positive. One case in point is due
to Alu et al. [52], nanorings of dielectric particles in a host
dielectric may produce a medium with nontrivial effective
electric and magnetic characteristics €. and w.g, includ-
ing (under suitable resonance conditions) a negative effec-
tive index. However, asymptotic analysis yields peg~1
+O((R/\p)?), where R is the radius of the nanoring and \,
is the wavelength in the background medium. Hence non-
trivial effects can only arise if the radius of the ring is a
sufficiently large fraction of the wavelength.

8. SUMMARY

The Fourier—Bloch decomposition of the field into plane-
wave components clarifies the nature of backward waves.
Phase velocity is primarily governed by the first-
Brillouin-zone component of the Bloch wave, assuming
that this component has an appreciable magnitude. In
contrast, energy flow is a collective effect of all plane-
wave harmonics. Backward waves occur when higher-
order harmonics, taken together, outweigh the first one
and have the opposite sign.

Intrinsic and extrinsic characteristics should be distin-
guished. The forward or backward character of a wave is
its intrinsic characteristic in the bulk of the material. At
interface boundaries, the Bloch wave can in principle be
excited via any of its plane-wave components. The type of
refraction depends on both factors, the intrinsic character
of the wave and the excitation channel.

One might think that an artificial periodic structure
could approach an ideal backward-wave Veselago medium
if the lattice cell size becomes vanishingly small. How-
ever, as the cell size tends to zero, the operating point on
the normalized band diagram of the structure falls on the
acoustic branch, thereby eliminating the difference be-
tween phase and group velocities.

More specifically, if a periodic structure were to re-
semble an ideal Veselago medium with backward waves,
it would need to be weakly inhomogeneous as defined
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more precisely in Subsection 7.B. Furthermore, the lattice
cell size, as a fraction of the vacuum wavelength, must be
above certain thresholds. These thresholds, explicitly es-
tablished in this paper, depend on the maximum, mini-
mum, and mean values of the complex dielectric permit-
tivity as key parameters. In the presence of good
conductors (e.g., at microwave frequencies) such theoreti-
cal constraints are not too restrictive. However, at optical
frequencies and/or for nonmetallic structures the bounds
on the cell size must be honored and may help to design
artificial periodic structures with desired optical proper-
ties.

Finally, the plasmonic case is an intriguing exception,
as evidenced by the presence of the inverse electrostatic
operator in the cell size bounds; this is consistent with the
previous analytical and numerical work of Shvets et al.
[53,54].
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