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Flexible Approximation Schemes for Wave Refraction
in Negative Index Materials

Frantiiek Cajko and Igor Tsukerman
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Materials with negative index of refraction are attracting much attention due to their unusual characteristics and potential appli-
cations for focusing and guiding of light. Simulation of such materials by the traditional finite difference (FD) methods in the time or
frequency domain is inhibited by poor approximation at the interfaces between positive and negative index media. The paper demon-
strates the superior accuracy of the recently developed flexible local approximation method as compared with the standard FD analysis.

Index Terms—Difference schemes, flexible approximation, left-handed materials, negative refraction, wave propagation, wave

scattering.

1. INTRODUCTION

INITE difference (FD) methods are well established for
F electromagnetic wave propagation. However, the classical
approach represents slanted or curved boundaries as “staircases”
on a regular grid, and heuristic modifications are often made to
improve the accuracy, e.g., see [1] for the treatment of bound-
aries of perfect conductors.

Negative refraction in materials with, loosely speaking, neg-
ative real parts of € and p [2]-[4] (see [S] and [9] for more pre-
cise conditions) can make the computational difficulties more
severe even if material interfaces are parallel to the grid lines.
In particular, as noted in [6], averaging of material characteris-
tics over a computational cell at the interface boundary between
positive and negative material characteristics may lead to zero
values of the “smeared” quantities; the classical FD scheme may
then become degenerate. (We thank Y.S. Kivshar for bringing
this matter to our attention.)

The recently developed flexible local approximation method
(FLAME) [7]-[9] replaces the Taylor polynomials of classical
FD analysis with accurate analytical approximations, which in
many cases substantially improves the quality of the numerical
solution. This paper demonstrates superior accuracy of FLAME
for problems with material interfaces where one of the media
can have a negative index.

Recent theoretical and experimental work on negative index
metamaterials [10], [11] has already led the researchers to revisit
a number of basic physical facts and theories, from Snell’s law
to the Goose-Hanchen effect to guiding and focusing of light.
This paper shows the need to revisit some of the computational
techniques as well.

II. FORMULATION

The -mode of the electromagnetic field (one component
=, of the electric field and two components of the mag-
netic field in the zy-plane) is governed by the wave equation

V- u~ 'V 4wl =0. (1)
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Fig. 1. (Left) Slab in air. (Right) Five-point stencil with grid size h, for sim-
plicity the same in both directions. Zero mean value of the permittivity over a
grid cell may occur for specific positions of the interface relative to the grid.

Similarly, the H-mode equation, for H = H_, is
V. e 'VH + w?pH = 0. 2)

(Because of some inconsistencies in the use of transverse elec-
tric (“TE”) and transverse magnetic (“TM”) terminology by
different research communities [9], we choose to identify the
modes by the one-component field.)

As an example, we consider a slab with complex electromag-
netic parameters € and . (Fig. 1). For convenience, a rectangular
grid with the same size h in both directions is used. The arrows
indicate the incident, reflected, and refracted fields, respectively.
The incident field impinges from the left. The angle of incidence
is the angle between the wavevector of the incident field and the
(horizontal) x-axis.

Perfectly matched layers (PMLs) could be used to truncate
the computational domain. However, since the objective of the
paper is to compare the accuracy of different FD schemes in-
side the domain, especially at material interfaces, exact Dirichlet
conditions are imposed on the exterior boundary to eliminate
the influence of domain truncation. The exact solution is ob-
tained by applying the interface conditions for the transmitted-
reflected plane waves at both surfaces of the slab.

III. DIFFERENCE SCHEMES

A. Standard Scheme

Classical FD schemes are derived by applying the integral
form of electromagnetic laws to grid cells (“‘control volumes”),
which leads to some effective values of permittivity and per-
meability over the cell. At a boundary where a material param-
eter changes its sign (Fig. 1, right), this effective value can be
zero, making the scheme degenerate [6]. More specifically, the
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where index « runs over all addends in (6) (e.g., eight terms for
= A). The multiplier g, is the sum of the corresponding ex-
pressions 27, e.g., for 2e; /2€05 the second term in the coefficient
A, go =22 +2%and ¢y = 2.
Since series (8) converges absolutely, it is possible to inter-
change the order of summation in (9) for h — 0. Then we obtain

oo ’I{;} m .
= > B Y

m=0 a

(10)

The terms with m < 3 yield zero and do not need to be calcu-
lated. Higher order terms are summed using the Horner scheme.
Summation up to m < 29 proved to be sufficient for kh <
1 (coarser grids are not suitable due to large consistency er-
rors). Fig. 3 (triangles) demonstrates the substantial accuracy
improvement.

The coefficients of the free-space scheme can be precom-
puted with high accuracy for any given h. Note that the system
of linear equations is solved in standard double-precision
arithmetic.

Schemes for the stencils at material interfaces are calculated
“on-the-fly.” Eight basis functions are found by matching the
incident, reflected, and refracted plane waves at the material in-
terface, for eight different angles of incidence. An example of
such a function for a wave impinging from left is

o (7) = e p(—iky) [e p(—ikapx) + Re p(+ikairz)]
for x < 0 and
Ya(7) = Te p(—ikiy — iksanz)

for x > 0, where k¢, kair, and kg1, are the tangential compo-
nent, the normal component in the air, and the normal compo-
nent in the slab of the wavevector, respectively. R and 1" are the
reflection and transmission coefficients given by the Fresnel for-
mulas. This basis function has a complementary one—induced
an incident wave impinging from the right. Tangential compo-
nents k; correspond to k, from (4).

The scheme is again found as the null space of the matrix of
nodal values of the basis set [7], [8]. To avoid an unwanted loss
of precision for finer grids, vpa is used. The FLAME scheme
needs to be computed only once for a given geometry and fre-
quency; after that the system can be solved repeatedly for arbi-
trary incident fields. As already noted, the solver still operates
at standard double precision.

IV. NUMERICAL RESULTS

This section compares the relative errors of the standard five-
point FD scheme and FLAME schemes as a function of the grid
size. The exact Fresnel solution is used to calculate the numer-
ical error. We are not aware of any standard (i.e., Taylor-based)
high-order schemes that would present more challenging com-
petition for FLAME, especially at the interface boundary.

The tests were performed for several angles of incidence; a
typical result is shown in Fig. 4. Fig. 5 compares the perfor-
mance of FLAME and the standard FD for a material with a
positive index: (e, = 1.2, u,, = 1.5). Not surprisingly, both
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Fig. 4. Typical FLAME result for a left-handed slab. Total magnetic field
(H-mode, time ¢ = 0) is diffracted by a slab with negative permittivity and
permeability ( = Dop = ) and thickness 0.96Aq. The incident field
impinges from the left at 20°.

Fig. 5. Convergence of the standard (empty markers) and FLAME (filled
markers) schemes; positive-index slab. Plots for two different angles of inci-
dence. Computational domain Ao X 0.254 A0, slab width 0.223X,. E-mode.

schemes behave well, but the convergence rate of FLAME is
high in comparison with the standard scheme—QO(h ) versus
O(h?).

Results for a material with a negative index (e, = —1.2, . =
—1.5) are presented in Fig. 6. Both methods perform less well
than for positive-index media. Ill-conditioning in the standard
method manifests itself as peaks in the error plots—these peaks
occur quasi-randomly and represent errors as high as 100%. The
situation can be rectified somewhat by shifting the grid artifi-
cially relative to the material interface as suggested in [6]. How-
ever, it is not clear whether such a “kludge” solution could be
applied in a less ideal environment—e.g., for slanted or curved
boundaries.

For the 22.5° angle of incidence (the worst case), the FLAME
errors exhibit some scatter within a range of very small values
(note the logarithmic scale in the figure!) For all cases of
practical interest, these FLAME errors are orders of magnitude
lower than for the standard scheme. The scatter comes from the
varying position of the material interface relative to the grids
of different sizes.
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Fig. 6. Convergence of the standard (empty markers) and FLAME (filled
markers) schemes; negative-index slab. Plots for two different angles of
incidence. Computational domain 6.4X¢ X 1.6\, slab width 1.4X,. E-mode.

E-mode, air-slab(ep=-1.2,mu=-1.5), incidence 22.5deg
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Fig. 7. Solution error as a function of position 4 of the central stencil node
relative to the material interface. FLAME (solid lines) and standard (dashed
lines) schemes for several grid sizes. Computational domain 47 X 47. Air—left
half, LHM—right half.

To investigate this phenomenon further, simulations for a
fixed grid size and a variable position of the interface were
performed. Since dealing with the position of two interfaces
simultaneously would confuse the results, half-filled space was
considered (air for z < 0, material for x > 0). Position x of
the central grid node relative to the interface varied, in units
of h, from O to 1 (Fig. 7). The FLAME error, while depen-
dent on x , is still much lower than for the standard method.
Due diligence—a deliberate search for the worst case for
FLAME—reveals an extremely small range (~ 10~ —107%)
of values of x where the accuracy of FLAME deteriorates;
this anomaly requires further analysis. For the 45° angle of
incidence, there is no scattering of error (Fig. 6) because for
this angle the scheme at the interface is exact, so the global
accuracy is limited only by the (very small) errors in the bulk.
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V. CONCLUSION

FLAME is based on accurate local approximations of the
solution that make it possible to capture more precisely the
behavior of field in the bulk and, more importantly, at material
interfaces. In this paper implementation of FLAME and its
application to a problem with negative-index materials are
considered.

Care needs to be exercised when computing the coefficients
of the scheme. For fine grids, the accuracy of the coefficients
must be commensurate with the very small consistency error
attained by the scheme.

The method has been used to model wave diffraction on a
slab of positive- and negative-index materials. High accuracy is
achieved even for relatively coarse grids. For slabs aligned with
the grid and for ten nodes per wavelength, the FLAME error
is from one to several orders of magnitude lower than that of
the standard scheme. A more detailed investigation of FLAME
schemes for wave propagation and refraction, as well as exten-
sions to 3-D, are subjects of future research. Overall, the numer-
ical results of this paper show that FLAME can substantially re-
duce the numerical errors in problems where both positive and
negative index materials are present.
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