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Electrostatic fields of macromolecules (e.g., protein molecules) in solvents are often described by the Poisson–Boltzmann equation.
This paper introduces two substantial amendments to the electrostatic model: first, the effective dielectric permittivity of the aqueous
solvent layer on the molecular surface is drastically different from its bulk value of 80 and, second, the recently developed flexible local
approximation methods produce different schemes with much higher accuracy than the classical ones.

Index Terms—Electrostatics, finite-difference (FD) schemes, flexible local approximation, macromolecules, Poisson–Boltzmann equa-
tion (PBE), proteins.

I. INTRODUCTION

ELECTROSTATIC interactions are critical for protein struc-
ture and function [1]. Several computational techniques

have been employed for such interactions: the finite-difference
(FD) method [2], the finite-element method (FEM) [3], and the
boundary-element method (BEM) [4], [5]. The recently devel-
oped flexible local approximation method (FLAME) [6], [7] in-
corporates accurate local approximations of the solution into the
difference scheme and often yields higher accuracy on simple
Cartesian grids than classical FD schemes and even than FEM
with its complex meshes.

The electrostatic potential in the solvent, under the
assumptions of the mean-field theory, is governed by the
Poisson–Boltzmann equation (PBE)

(1)

where summation is over all species of ions present in the sol-
vent, is volume concentration of species in the bulk,
is the charge of species , is the (absolute) dielectric per-
mittivity of the solvent, is the Boltzmann constant, and
is the absolute temperature. The right-hand side of the PBE re-
flects the Boltzmann distribution of microions. Inside the mol-
ecule, the potential satisfies the Poisson equation with atomic
charges acting as point-like sources, and the standard boundary
conditions apply on the molecule-solvent boundary. The effec-
tive permittivity of protein molecules is much smaller than that
of the solvent.

When the term , the PBE can be linearized
by retaining the first two terms of the Taylor series of the expo-
nential part [8]. Due to the electroneutrality, , the
linearized PBE becomes

(2)
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The computational model in this paper has two significantly
new features. First, on the theoretical side, the effective dielec-
tric constant in a thin layer near the molecule is about an order
of magnitude lower than the bulk value of [9]. This
significantly reduces the screening field effect and strongly in-
creases the electrostatic interaction energy at the molecular in-
terface. Second, on the numerical side, the recently developed
FLAME method [6], [7] is applied. FLAME is a new FD cal-
culus that incorporates accurate local approximations of the so-
lution into the difference scheme. As the numerical test example
(Section V) demonstrates, FLAME schemes yield much higher
accuracy than the classical ones.

The FEM may be an alternative, but the complicated geom-
etry of molecular surfaces makes finite-element mesh genera-
tion and solution very difficult [3]. FD schemes are, therefore,
much more widely used in practice for this type of problem [2],
and FLAME may offer a significant accuracy improvement in
FD simulations.

II. MODEL AND FORMULATION

The model of macroscopic continuum electrostatics is one
of the most widely used to evaluate electrostatic interactions in
the protein-solvent systems (e.g., [2], [10], [11], and [14]). In
the framework of this model, in the classical approximation, the
protein medium the protein medium is considered as a low-di-
electric region (the dielectric constant of 2–4 [1]) immersed
in a solvent with a high dielectric constant ( 80). Recently, it
was shown in [9] that, by considering the dynamic solvent mi-
crostructure (particularly the correlated orientational Debye po-
larization of the water molecules) in the continuum model, so-
phisticated electrostatic effects at the protein-solvent interface
can be revealed. These effects are impossible to represent in
the classical framework (solvent as a homogeneous dielectric
continuum).

In [9], the concept of nonlocal electrostatics and phenomeno-
logical theory of the polar solvent was used. The electrostatic
problem with the standard boundary conditions was solved for
a planar interface in terms of the Fourier transforms and
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of the dielectric functions with spatial dispersion charac-
terizing the bulk properties of the two condensed media in con-
tact. The protein-like medium was considered as a uniform di-
electric with a low dielectric constant . The ori-
entational Debye polarization in aqueous solvent (determined
by the hindered rotations of water dipoles due to hydrogen-
bonding chains in bulk water) was modeled by the simple ap-
proximation of the dielectric function for water

(3)

where and are short- and long-wavelength
dielectric constants of the solvent at room temperature; is
the correlation length of water dipoles, proportional to the
characteristic length of the hydrogen-bonding network of water
molecules ( 5 Å).

In [9], for short-range pair-wise electrostatic interactions
(inter-charge distances ) in protein in close proximity

to the interface, the value of the effective dielectric
function was found to be very low, , compared
to , determined by the classical model of the
interface ( and ).

From the physical standpoint, the previous effect suggests the
presence of an interfacial solvent layer with a low effective di-
electric constant. The thickness of this layer is comparable with
the correlation length . The effective dielectric permittivity of
the layer in close proximity to the dielectric boundary is deter-
mined by the short-wavelength dielectric constant of the bulk
phase of the solvent , which is much smaller than the
bulk value, . This model is consistent with the experimental
data on partially structured boundary water layer (“dynamically
ordered water”) on the surface of the protein native structure
[13]. Overall, the data obtained in [9] suggests that the low-di-
electric solvent layer on the protein surface is a critical factor
that determines the electrostatic fields in the vicinity of the pro-
tein-solvent interface. The significant decrease in the screening
of the field at the protein-solvent interface has been underesti-
mated in traditional electrostatic models.

In this paper, we extend the model of [9] to 3-D systems. The
full model of the solvent includes nonlocal interactions and is,
therefore, computationally demanding. Here, we use a practical
simplification of this model, with three dielectric layers (Fig. 1).
The first layer is the protein itself. The second one is a layer of
the solvent ( 6–8 Å) adjacent to the protein molecule; the di-
electric constant of this layer is determined by the short-wave-
length dielectric constant of the solvent [9]. Finally, the
third layer represents the bulk phase of the solvent, with the rel-
ative dielectric constant of 80.

This paper is an initial step for testing and validation of new
finite-difference methods for the heterogeneous electrostatics of
macromolecules in solvents. Following similar analysis of con-
ventional FD schemes by Gilson et al. [11], the protein molecule
is simplified to a “particle” with radius 30 Å. The thickness of
the intermediate dielectric layer in the solvent was set to 6 Å.
Potential in these two layers is governed by the electrostatic
equation

(4)

Fig. 1. 2-D representation of the model problem with three layers.

where are the point charges corresponding to the protein
atoms at locations inside the protein. The right-hand side of
(4) in the intermediate layer of the solvent is zero. In the outer
solvent layer, the potential is assumed to satisfy the PBE; in this
paper, this equation is linearized (2), with the Debye–Hückel
length of 8 Å corresponding to the physiological ionic strength.

The standard boundary conditions for the continuity of the
electrostatic potential and for the normal component of the elec-
tric flux density apply at all dielectric interfaces. (If the deriva-
tives in the electrostatic equations are understood in the sense of
distributions, the boundary conditions are implied by the equa-
tions themselves.)

III. FLAME

FLAME is a recently developed generalized FD method [6],
[7]. It has proven successful in a variety of applications, e.g.,
electrostatic multiparticle problems, the PBE, electromagnetic
wave propagation, and scattering. The method incorporates
local analytical approximations of the solution into the differ-
ence schemes in a simple way [6], [7].

For the protein problem, a regular Cartesian grid is introduced
in the computational domain . To construct a FLAME scheme
over a given grid stencil, one chooses a set of basis functions
satisfying equations (2) and (4), with proper boundary condi-
tions at the dielectric interfaces. These basis functions can be
constructed using spherical harmonics

inside layer 1 (5)

inside layer 2 (6)

and

(7)

inside layer 3. Here, and
are spherical Bessel functions

of the first and second kind, respectively. They are expressible
in terms of the hyperbolic sine and cosine functions and are,
therefore, fairly easy to work with. The coefficients , ,

, and are found from the interface boundary conditions
in a standard way [6].



DAI et al.: NEW COMPUTATIONAL MODELS FOR ELECTROSTATICS OF MACROMOLECULES IN SOLVENTS 1219

The numerical solution over the th grid stencil in FLAME is
a linear combination of the local basis functions

(8)

where are some coefficients. The FLAME scheme is [7]

(9)

where matrix contains the nodal values of the basis func-
tions: , , ,
and are the position vectors of the stencil nodes. In this paper,
we consider 7-point and 19-point FLAME schemes; their re-
spective basis sets contain 6 and 18 spherical harmonics, which
leads to the null space of dimension one in (9).

For the inhomogeneous equation of the general form

(10)

the FLAME scheme is constructed by splitting the solution as

(11)

where is the solution of the homogeneous equation and
is a particular solution of the inhomogeneous equation. With this
splitting, the inhomogeneous FLAME scheme is [6]

(12)

Not surprisingly, the coefficients of the scheme, and hence,
the system matrices, for the homogeneous and inhomogeneous
equations are the same. The right-hand side of the inhomoge-
neous problem is obtained by applying the FLAME scheme to
the particular solution .

The FLAME solution of the inhomogeneous equation is

(13)

which in practice is used as an interpolation formula for the
potential and for the electric field (after differentiation of the
basis functions).

IV. TREATMENT OF POINT CHARGES

In traditional FD methods, point charges are usually “as-
signed” to a set of nearby grid nodes; nodes that are closer
to the charge get a greater portion of that charge assigned to
them. This charge discretization introduces additional errors,
especially when the charge is located close to the protein
boundary [12]. In contrast, for the potential splitting previously
described, there is no numerical error due to the potential of
point charges, as this potential is represented analytically and
exactly. The numerical results in Section V prove this.

The particular solution in the vicinity of a point
charge is constructed as follows. If lies entirely inside the
protein molecule, can simply be calculated by Coulomb’s

law. (Note that this particular solution is purely local, defined
only in , and need not satisfy any boundary conditions out-
side this local region.) If contains an interface boundary be-
tween two dielectric regions, the particular solution is computed
by matching the spherical harmonic expansions in these regions.
(The harmonic expansion of the potential of a point charge is
well known in electromagnetic theory; see, e.g., [15].)

V. NUMERICAL RESULTS

In the test examples that follow, a single point charge inside
the molecule is the source of the field. The location of the charge
may vary. The relative error in the numerical calculations is de-
fined as

(14)

where is the numerical potential and is the analytic
result via a series of spherical harmonics, truncated in our anal-
ysis at the terms with the magnitude of less than . To elim-
inate the numerical error associated with the approximation of
boundary conditions, the exact (theoretical) Dirichlet condition
is applied on the domain boundary.

First, let the point charge be located inside the protein, 6 Å
from the surface, at . (All distances are
measured in angstroms.) The mesh size is 1.5 Å in each of the
three directions.

The relative error as a function of distance from the center
of the protein molecule is evaluated as the root mean square
(rms) over 100 evenly distributed sampling points on a spherical
surface of a given radius.

Fig. 2 shows that the accuracy of the FLAME schemes is
much higher than that of standard FD with charge assignment.
Note that the accuracy of FLAME is high even in the area around
the point charge, where the potential is singular; this is because
the potential of the charge is represented in FLAME exactly, via
the potential splitting described before. The average rms error
of the standard FD is about 8.96% compared to 1.98% for the
7-point FLAME scheme and 0.32% for the 19-point FLAME
scheme. The 19-point scheme yields higher accuracy, at the ex-
pense of the higher density of the system matrix.

In the second example, the point charge is very close—at 1 Å
to the protein surface, at . The proximity
of the charge to the surface makes the problem much more dif-
ficult computationally. For high accuracy in FLAME, a fairly
large number of spherical harmonics must be retained in the ex-
pansion of the particular solution .

Other geometric and physical parameters (the mesh size, per-
mittivities, etc.) remain the same as in the previous case. The
rms errors as a function of the distance from the origin are
plotted in Fig. 3. FLAME again provides much higher accuracy
than the standard FD. The average rms error is 1.70% for the
7-point FLAME scheme and 0.54% for the 19-point FLAME
scheme, as compared with 12.62% for standard FD. The accu-
racy of the 7-point FLAME scheme deteriorates slightly in the
solvent, while the 19-point scheme is uniformly very accurate
throughout the domain.
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Fig. 2. Errors as a function of distance from the center of the molecule. The
radius of the molecule is 30 Å and the charge is located 6 Å from its surface.

Fig. 3. Errors as a function of the distance from the origin. The protein has ra-
dius 30 Å and the charge is located 1 Å from its surface. 50 spherical harmonics
are retained in the expansion of u .

VI. CONCLUSION

This paper introduces a new computational model for the
electrostatics of protein molecules in solvents. Three dielectric
layers are present: interior of the molecule with a low dielectric
constant of 2–4; a thin layer of solvent near the molecule with
the dielectric constant of 6; and the bulk of the solvent with
the dielectric constant of 80. The electrolyte in the third layer
is described by the linearized PBE.

Applications of the FEM to electrostatics of macromolecules
[3] are encumbered by the enormous complexity of the meshes.
An alternative approach, the FD method, is more practical for
this type of problem [2]. In this paper, the new FD calculus of
FLAME is applied. For point charges as sources of the field,
potential splitting is used instead of the conventional charge al-
location to the grid. The numerical results confirm much higher
accuracy of FLAME schemes, as compared with the standard
FD analysis.

In the presence of point sources, the accuracy of FLAME de-
pends on the particular solution in the potential splitting. For
point charges located sufficiently far away from the molecular
surface, Coulomb’s law may be used as the (local) particular
solution. For charges close to the surface, multiple spherical
harmonics must be retained in the particular solution. This im-
proves the accuracy dramatically, as compared to the standard
finite difference method with charge allocation to grid nodes.
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