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Symbolic Algebra as a Tool for
Understanding Edge Elements

Igor TsukermanSenior Member, IEEE

Abstract—The paper describes a methodology for systematic ~ Notational Convention Euclidean coefficient vectors are
comparison of tetrahedral edge element spaces using symbolic al-underscored to distinguish them from the respective vector
gebra. Various known edge element families, with their respective functions; parentheses denote the Euclidean inner product for

spaces and irrotational subspaces, are studied. In addition, sym- - 3 .
bolic algebra facilitates analysis of some novel hexahedral eIementsEUCI'de""n vectors and thie, (T)”-product for vector functions.

f‘rgldc‘f)fnflgf"“e’r‘]‘Egoé?h“egggggnogooﬁ'sgLar?(‘)igtf; cheng,‘)“on forspec- | et the dimension o/ bedim U = dyy < n anddim W =
9 P ' ~ dw < m. The usual Gram matriced/** and M*" (also
Index Terms—Edge elements, spectral convergence, Spuriousynown as “mass matrices” in finite-element methods) have the
modes, symbolic algebra. . w ww i
entriesM* = (u;,u;) and M = (w;, w;). By definition
|. INTRODUCTION of the Gram matrix, for any pair of coefficient vectgree R",

. . . .q € R™one has
WO separate but related topics are considered. First;-a

methodology for sy_stematic cc_)mparison .of. tetrahedral_(M"uE q) = (p,q) and in particulaf M ““p,p) = (p,p) (1)

edge element spaces using symbolic algebra is introduced in
Section 11. In 1980 and 1986, Nedelec proposed two familiggherep andg are linear combinations of functions in their re-
of tetrahedral and hexahedral edge elements [1], [2] withosRective setsp = > 7" | pi'ui, ¢ = Y., qi'u;. An analogous
explicitly specifying a basis, and later on quite a numbéglationship of course holds fa/ .
of possible bases were given by different researchers (e.g.lt follows immediately from (1) that any coefficient vector
[3]-[10]). The existing comparative analysis of these optionsin the nullspace of the Gram matrix (and only these vectors)
[4], [6] is very helpful, but it is still not easy to find out from correspond to the zero vector function in the respective finite-
the literature whether the Nedelec vector spaces and their cuglement (FE) space. The nullspaceléf* has dimensiom, =
are the same as, say, the Ahagon spaces or Webb or Lee or Rendv, and the nullspace a¥/""-dimensionmg = m — dy .
or Kameari or Yioultsis spaces. Further, we define thenutual mass matrinf {u;} and{w;}

The second topic is spectral convergence, i.e., the absefgéhe (2< 2 block) Gram matrix of ath+m functions{w;, w;}
of “spurious modes” [11]-[13]. In Section V, symbolic algebra

helps to analyze a new condition for spectral convergence, M = ( AZ{/[””“ _J\%’w )
called prolongation of local gradients (PLG) [13], in the curious -
case of crisscross meshes. whereM®® = (u;,w;), M™* = (M")T, and the minus signs

The paper is limited in scope. Several very interestinge included for convenience in later analysis.
subjects, such dsp-refinement with Demkowicz—Vardapetyan gq, any two coefficient vectors € R+, ¢ € R"*+™ par-
elements (see [14] and references therein) and Hiptmair's ng¥bned in a natural way a8 = [p", —p"], ¢ = [q", —q"] one
general perspective on high-order edge elements [15], coylg e
not be included. The interested reader is also referred to the

accompanying papers [13], [18]. (Mp,q) = (p,q) and in particula(Mp,p) = (p,p)  (2)
Il. GENERAL METHODOLOGY wherep and ¢ are now linear combinations of both sets of
functions

Consider a set of vector functiods;;} (1 < i < n)ina
finite element—for definiteness, a tetrahed@r-spanning an R o o o
edge-element spadé. Let {w;} (1 < j < m < n) span p= Z}pi i z_:lpj Wi 4= z_;% i z_:lqj Wi
another edge-element spdéethat may or may not be different = = = =

from U. As before, the nullspace of the mutual mass matrix corre-
Remark 1: It will be convenientnotto assume thafu;} or sponds to the zero vector function in the FE space. The null
{w;} are necessarily linearly independent. vectors can be subdivided into three categoriesigllinearly

independent vectors = [p“, 0], p" being in the nullspace of
Manuscript received June 18, 2002. This work was supported in part by tMuu; 2) "_LU “nearly mdependent vectoq_s = [0: _Bw]; 3)
National Science Foundation. _ dunw = dim(U N W) linearly independent vectogs= [p" #
_The_ author_ is yv|th the Department of Electrical and Computer I_Ero_/ —p¥ # 0]_ Part 3) is particularly important, asit corresponds
gineering, University of Akron, Akron, OH 44325-3904 USA (e-mail: — h b d l bi . fei
itsukerman@uakron.edu). to vectors that can be represented as a linear combination of ei-
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The null vectors ofM can be arranged as columns of the TABLE |
(n 4 m) x (no + mo + dyaw) matrix N (so thatM N = 0) MATRIX OF NULL VECTORS OFM, PARTITIONED
that can be partitioned in a natural way as & 3 block matrix

(Table 1). Columns ofN!, in particular, represerly N W in o Mo dyrw
terms of the{u;} set n N 0 N
Rangg N*) < U N W in terms of{w;}. (3) m 0 =Ny -N;

One way to generate a subspacdiothat isnotin W is to _ _
compute vectors orthogonal to the columns\jf—and such Hence, the Ahagon, Ren, and Yioultsis spaces are the same (they
vectors form the nullspace ¢fV*)” are also known to coincide with Nedelec’s space).

Likewise, the union of Ahagon) Kameari spaces has the

(Range(Ng))LzNu” (N;L)T — asubspace df ¢ W. (4) same dimension (20) as the Ahagon space alone; hence, the

Ahagon space is a subspace of Kameari’s.

Alternatively, one can construct thie-orthogonal comple-  In a similar way, one verifies that Webb’s space coincides
ment of U N W in U. Noting that the mass matrices relatavith Lee’s (this can also be seen directly from the definition
Euclidean and., inner products as in (1) and (2), one obtainsof these spaces). At the same time, the mutual mass matrix

of the Webb and Ren bases turns out to have the nullspace

Null [(NCU)T MUU] - (UnN W)Lzl in terms of{u;}. (5) ©Of dimension 16 (rather than 20), i.e., the union of Webb

Ren spaces ha&l (= 40 — 16) linearly independent func-

Obviously, similar relationships hold if the rolesGfandi  tions. Using the idea expressed in (4) and (5), one finds four
are interchanged. functions of the Webb space that amet in the Ren space:

In most electromagnetic problems, approximation of the cudi V(Ai+1Ai42) (i = 1,2,3,4, addition modulot). Similar
is as important as that of the field itself. To this end, we coresults can be inferred from Kameari's paper [4] but are
sider the Gram matrices &F x u; andV x w; that we shall explicitly expressed there for triangular rather than tetrahedral
call the (mutual) curl-matrices. The nullspace of a curl-matriRlements (see [4, Fig. 1]).
corresponds to irrotational fields in the respective FE space. Thdkémark 2: The fact that the Webb basis is hierarchical is
curl-spaces spanned B¥ x u;} and{V x w;} in general have Nnoteworthy but not dealt with here.
strictly lower dimensions than the respective full edge-elementCurl-matrix analysis shows that not only the dimension of the
spaces, which explains the need for Remark 1. curl-space for each of the element families considered above

Most properties of interest to us are invariant with respect £ 11, but also all pairwise intersections of these curl-spaces
affine transformations of coordinates (see [12] for rigorous detave the same dimension 11. This implies that all curl-spaces
initions and proofs) and can, therefore, be studied for the réfte simply the same. The irrotational subspaces have dimen-
erence tetrahedron with three orthogonal unit edges. For préfn 13 (= 24 — 11) for Kameari’s elements and dimension
erties that do depend on shape (such as condition numberd 6¢ 20— 11) for all other elements. (The irrotational subspaces
Gram matrices and interpolation errors), it still makes sensedts in fact spanned by all nine linearly independent gradients of
treat this dependence as a separate issue. guadratic functions of coordinates plus, for Kameari's elements,

Obviously, theoretical analysis must rely onexact not nu-  four gradientsV (A;Ai11i2).)
merical, representation of the Gram matrix nullspaces for theAPproximate condition numbers of the mass and curl ma-
reference tetrahedron. It has come as a pleasant surprise ifig@s can also be easily found by symbolic algéljgd]. How-
this task for second order elements can be handled very eff@¥er, the issue of conditioning is only of tangential interest in
tively by symbolic algebra,with the analysis time for any pair the context of this paper; itis central in [16] and [17], as well as

of edge-element spaces on the order of minutes at most. Sped#i6] where the influence of conditioning on the convergence
families of elements are considered below. of edge element iterative solvers was examined.

[1l. COMPARISON OFVARIOUS EDGE-ELEMENT FAMILIES IV. HIGHER ORDER ELEMENTS

Most of the results reported below are already known but scat-1 "€ general methodology of symbolic algebra analysis of
tered through the literature. Symbolic algebra, however, prgQUrse is app_llcable to elements of any order and is I|_m|ted only
vides a unified perspective and a simple way of comparatigdf the CPU time and memory. Although a systematic study of
analysis of edge element spaces. In particular, all pairwise ni{lis kind has not yet been carried out for higher order elements,
tual mass matrices of the Ahagon, Ren, and Yioukskmses SOMe sample computations show that such analysis is quite fea-

have the nullspace of dimension 20, and consequently their ratiRI€- AS & representative example, it takes approximately 5 min
is als020 (= 40 — 20), i.e., the union of, say, Ahagan Ren ©On an 800-MHz Pentium PC to compute the mutual mass ma-

spaces has the same dimension (20) as the Ahagon space algx&f the Graglia-Wilton—Peterson basis [10] with 45 functions
(GWPA45) and the Ren basis with 20 functions, and another 64

The Macsyma package by Macsyma, Inc. was used. min to find the nullspace of that matrix (confirming that the
2To identify each family of elements, in many cases only one of the authors’
names is used for the sake of brevity, with apologies to the other authors. SeiClearly, for curl matrices conditioning should be analyzed in the subspace
Appendix and References for all names. orthogonal to the nullspace.
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Ren20 space is a subspace of GWP45). The CPU time to form
the mutualcurl matrix of the same bases is 35 min (no attempt
has been made to optimize the symbolic code).

Elements that are difficult to analyze by symbolic algebra
(say, with about a hundred or more basis functions) are arguably
impractical to use in numerical FE analysis anyway.

V. EXAMPLES: R11AND B46 BH.EMENTS

As further examples, we apply symbolic algebra to rectanig. 1. Criss-cross mesh with 36 triangular elements.
gular elements with 11 degrees of freedom (R11) and brick el-
ements with 46 degrees of freedom (B46) introduced in [18]. L . ) -

If \; are the standard four bilinear basis functions on arecta]r1-2’ 8 g =i+ Li+2,...,4+ 7 (addition modulo 8),

gular element, one can consider the elementwise set of functi%&ere theX’s are now the standard trilinear nodal functions, has

(MY (i = 1,2,3, 45 j = 41, 42, 43, addition modulot) he actual dimension of 46. (There are six linear dependencies,
1 7J - ? ? ? ) - ? ? ? N

The Gram matrix nullspace of these functions turns out notgge per face, similar to the rectangular case, and four additional
be empty, namely ependencies that can be traced to the “big diagonals.”)

MV — VA3 — A3V A + A4V A1 =0 (6)
VI. PROLONGATION OFGRADIENTS AND CRISSCROSSMESHES

where it is assumed that node pairs 1-4 and 2—-3 form the two ) . .
diagonals of the rectangle. The linear dependence (6) could _bghe companion paper [13] mtroducgs PLG, a new cqndl-
verified directly by noting that; Ay = AsAs. tion fqr spet_:tral convergence. I_DLG requires that any irrotational
To extract a basis of 11 functions, one can replace foggrament) field over any |nd|V|d_uaI el_emenfc of the mesh can
linearly dependent functions corresponding to the diagona}Pf, extended to a valid cpscrete irrotational field over the whole
namely, A1 Vs, AV, AaVAs, A3V)s, with three inde- mesh,w_|th zero tangential components at the boundary (see [13]
pendent functions\1 Vs, — A4V A1, AaVA3 — A3V g, and for d.etalls_,).. ) . .
V(M As + AsAs) all of which vanish on the edges. A basis W|th this in mind, symbolic algepra has been applied to the
is formed by these three functions, together with the eigRtMious; and somewhat C(_)ntroverS|aI,case of crisscross meshes.
“edge-based” functions\{ Vs, AoV, AoV A4, etc.). The Consider such a mesh with»3 3 layers of elements, 36 trian-

Gram matrix of these 11 functions is indeed nonsingular. gular elements altogether (Fig. 1). The small size of the mesh
This elementwise space allows a simple description as does not in fact reduce the generality of analysis because PLG

must apply to all elements, including the ones that are only one
spadz, &z, &y, 4y?, dzy, 9, layer away from the doma_in boundary (see [13_, Rema_lrk 1]).
Vector fields are approximated componentwise on first order
nodal elements. There are 17 degrees of freedom altogether (two

Indeed, the range of the mutual Gram matrix of this basis aRg" node marked with a solid circle or a square, plus one normal
the original one has dimension 11, i.e., the union of both baggmponent of the field for the eight nodes on the boundary, ex-
contains the same number of linearly independent functions (£8Pt the comers). The 1% 17 curl-matrix has the nullspace
as each basis separately. of'dimension eight (this can also be inferred from [19]—in gen-
Ifthe last basis function in (7) is broken up into two individuaf'@!. the dimension is equal to the number of “solid circle nodes”
terms, one obtains thg, » element with 12 degrees of freedomMinus one [11]). The irrotational space over a single element
The R11 space is thus a subspac&ef, but their irrotational (say, the shaded triangle in Fig. 1) is comprised of gradients of

subspaces are the same, and R11 elements can be expectéli §gadratic functions af andy, and thus has dimension five.
be spurious-free [13]. Direct symbolic algebra computation then confirms that each of

Higher order rectangular elements of [18] can be examingbe_ five independent gradients a_lgtually lies in the global irrp-
in a similar manner. For example, the R11 space can be é@t_mnal space, so the PLG c.ondmon holds. Nevertheless criss-
riched with the additional 36 functiong \; VA, (i = 1,2, 3, 4; cross eler_n_ents are not spurious-free [11] bec;ause other neces-
j=i41,i4+2i+3k=7j+1,7j+2j+3, index arith- S&Y conditions of spectral convergence are violated [13], [20].

9y, 92°, gzy, try® + 92y} (7)

metic modulo4) (the mativation for considering this space is
given in [18]). This results in 48 tangentially continuous ap-
proximating functions, with a linearly independent subset of
23. In addition to the), » functions, this R23 space includes The paper advocates wider use of symbolic algebra in edge
{223y, 2xy?, 923y, goy®, $2%y> + g23y?}. The irrotational element analysis for determining inclusions and intersections of
subspace of R23 has dimension 15 and contains gradients of&llspaces and of their curl’s; irrotational subspaces; extraction
polynomials inx, y up to bicubic. It can then be easily verifiedof bases; prolongation of gradients, and other tasks. The analysis
that the PLG condition [13] that is critical for spectral converprovides some reference material on tetrahedral edge element
gence in cavity resonance problems is satisfied. families and some novel rectangular and hexahedral tangentially

Similar procedures can be applied to three-dimensional brickntinuous elements. The PLG condition essential for spectral
elements. The space spanned by 56 functiphid’)\;}, i = convergence is also analyzed by symbolic algebra.

VIlI. CONCLUSION
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APPENDIX
BASES FORTETRAHEDRAL EDGE ELEMENT FAMILIES

The list below is representative but not exhaustive—it is im-

possible to include all existing families of elements.

A; is the barycentric coordinate corresponding to nogde=
1,2,3,4).

1) The Ahagon—Kashimoto basis (20 functions) [3].

{12 “edge” functiong4; —1)(A: VA=A V), i#5}1 U
A1(A2V A3 — A3V Ag), 402(A3V A1 — A1V A3),
4)\1()\3VA4 —MVA3), A2 (AMV A3 — A3V Ay),
401 (A2V A — AV A2), 4A2(AM VAL — AV ),
(X ) 4Aa(A )

AN (A3V g — AV A3), 40 (MaV A3 — A3V ).
2) The Kameari basis (24 functions) [4].

{the Lee baSiﬁ @] {V(A2A3A4)7 V()\l/\g)\4)7
V(A deAs), V(A AeAs)} .

3) The Lee—Sun—-Cendes basis (20 functions) [5].

{12 edge-based functiong V; i# j} U
{AMA2V A3, MAsV A2, AaAsV s, AaAaVAs, AsAaVq,
AsA1 Vg, AgAiVAz, A VAL

4) The Ren-lda basis (20 functions) [6].

{12 edge-based functiona, V), i # j}U
{A1 A2V A3 — X3 VAL, A A3V A — A A3V A,
A AV AL — A A2V, A AV A — AN VA,
AMAsVAL — MAsV AL, M AV — A3Aa VA,
A2 A3V s — AgA3V g, Ao VIAs — A3\ VL)

5) The Savage—Peterson basis [7].

{12 edge-based functiongVA; i #j} U {\A; VA,
—)\,j)\kV)\j, )\7)\]V)\k — )\j)\kV)\i: 1< <j <k< 4}

6) The Yioultsis—Tsiboukis basis (20 functions) [8].

{(8A7 —4X;) VA 4+ (=8X A +2X)VA;, i # j} U
{16A1X2V A3 — 8X2A3 VAL — 8A3A1 VAo; 16413V A,
— 8A3A2 VA1 — 8X2A1 VAg; 16A3A1 VA2 — 8A1 AV Ay
— 8Aa AV AL; 16A5A2 VAL — 8Aa A1 VA — 8A1 A4V A,
16X223V A4 — 8A3A4V Az — 8A4A2VA3; 16X2A4V A3
— 8A4A3V A2 — 8A3A2V Ay 16A3A1V Ay — 8A1 A4V A
— 8X\4A3V A5 16A30 VAL — 8A4A1 VA3 — 8A1 A3V A4}

7) The Webb—-Forghani basis (20 functions) [9].
{6 edge-based functions VA; — A\;V;, i # j} U
{6 edge-based functions(\;\;) i # j} U
{A1A2V A3, A1 AsV g, AaAsVAs, AaAsVAs, AsAiVAg,
AsA Vs, Ad Vg, AAaVAL).
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8) The Graglia—Wilton—Peterson basis (20 functions) [10].
{( Ai — D(AMVA; = A VN), i #5F U

2 x {A2(A3VAs — AsVA3), As(AsV Ao — A2V Ay),

);
/\3(/\4V/\1 — AV, MM VA3 — A3V ),
(A1 VA2 — AaVAL), A1(AVs — AoV Ay),
A A2V A3 — AsVA2), Aa(A1VAs — A3V L)}
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