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Multigrid Methods for Open Boundary Problems in
Geophysics

A. Plaks, I. Tsukerman, S. Painchaud, and L. Tabarovsky

Abstract—The proposed numerical procedure for static open interesting to analyze along these lines, but this remains out of
boundary problems combines fast adaptive multigrid methods the scope of the present paper.
with spatial mappings of the infinite region to a finite computa-
tional domain. A rigorous analysis of the finite element solution

error for ballooning and for spatial mappings is presented. The Il. PRECONDITIONEDADAPTIVE MULTIGRID SOLVERS

method is applied to geophysical problems of dc logging. Traditional iterative and direct solvers (such as ICCG, Nested
Index Terms—Error analysis, finite element methods, geophys- Dissection, Quotient Minimum Degree and others) are not effi-
ical measurements, iterative methods. cient for 3-D meshes with several millions elements or more.

For example, ICCG, currently one of the most popular solvers,
requires asymptoticallp(n*/3) arithmetic operations for 3-D
problems 4 is the number of nodes in a FE mesh).
ARGE 3-D Finite Element (FE) problems require signifi- The best multigrid methods are much more efficient. The
cant computational effort, and the efficiency of numericalomputational time and memory for the Bramble—Pasciak—Xu
algorithms is of paramount importance. Unbounded problenspx) preconditioner [3], [4] is typicallyd(nlog” n), 5 > 0.
present additional challenges and require special treatment. [fPpractical terms, this results in a significant reduction of the
ward this end, we propose a combination of spatial mappingsmputational cost. Further improvement is possible by com-
with fast adaptive multigrid solvers. The paper has the followingining the BPX preconditioner with adaptive mesh refinement.
novel features: Details of the algorithm have already been presented [5] and will
1) An algorithm combining general domain mapping techrot be repeated here.
niques for open boundary problems with fast adaptive The algorithm implemented in this paper combines the do-
multigrid methods. main mapping of [6] (Section Ill) with a BPX-preconditioned
2) A rigorous accuracy comparison of coordinate transfoadaptive multigrid scheme.
mation methods with competing techniques.
3) Applications to geophysical problems of dc logging. [ll. SPATIAL MAPPINGS ANDPERFECTLY MATCHED LAYERS

Special emphasis is placed on the second item on the list coordinate Mappings and Material Characteristics
above. A variety of methods have been proposed for open_l_

boundary problems in the FE context; see e.g. the extensive_he infinite exterior region can be mapped onto a finite do-

survey [1]. Broad categories of such methods include hybrriHam and then handled with regular finite elements. This well-
FE—boundary element algorithms, infinite elements, spatigrllown approach has the advantage of preserving the usual prop-

transformations, and Perfectly Matched Layers (PML). Typﬁrties of the FE method (such as sparsity of the stiffness matrix

cally, research papers present the advantages of their respe(?ﬂ1 'J]ES postl_t|ve diffln_lte?less for Stﬁtlc problems).t_A foordmate
methods, but to the best of our knowledge, there has been stormation sutliciently general for many practical purposes

rigorous theoretical comparison of the accuracy of diﬁere?‘l\fan ﬁrop_ose% by St(_)cthn(ijol [G]It i tificial bound
techniques. A careful analysis of all proposed methods would orowmgr[ ] v';/_e |r1r(()j uce.bw(;) t‘?u;(' lary ig |c;|a our& i
not be possible in one short paper; instead, we highlight tAEES 0 andl o (Fig. 1) described by functionBo(¢, ¢) an

i piciles an i  goros ovalatonof e methodt, () esbec e s e
should be based. As typical and important examples, we study . ) o
yp P P % «xt outsidel’y onto a finite band betweel, andI',

the errors of the method of ballooning and of the method 6‘?9'()”9

spatial mappings. Infinite elements (e.g. [2]) would also H& sought in the form
70, ©) = a(b, ¢) + b8, ¢)/7(6, ¢)
with yet undetermined coefficients b. If I'y gets mapped onto
) ) ) ) itself and infinity gets mapped ontd,,, thena = R, b =
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conditions used in [10] are based on the implicit assumption

that the potential decays exponentially with distaheghich is

generally not true. The PML for static problems is little more

than the equivalent coordinate mapping (:g— ax), in the
case of [10], equivalent to transforming the permittivity tensor

R S asé = Ae, A = diag(a, 1, 1) (see Section IlI-A). This does

i not result in any exponential decay, however.

1Y ] ext

IV. ACCURACY ESTIMATES

A. The Key Question: Approximation Accuracy

The key question for a rigorous comparison of different
methods, such as ballooning [1], spatial mappings [6], etc., has
Fig. 1. The spatial mapping. apparently not been clearly stated so far, at least in the literature

on computational electromagnetism. Which approach provides
with appropriate boundary Dirichlet and/or Neumann condimore accurate FE approximatioof the exact solution? This
tions, wheres can be a tensor. The weak formulation of thi@uestion warrants a careful study that appears in part in the

problem is subsequent sections.
Since domain mappings may be viewed just as variable
/ oVu-Vu'dQ =0, changes, they do not automatically improve the accuracy.
Q

(There is no reason for one set of coordinate variables to
with both the solution. and the “trial” functionu’ satisfying the be intrinsically better than the other.) In fact, solutions in
relevant Dirichlet conditions. the original and transformed domains would be completely

For the weak formulations of the dc current problem in thequivalentif finite elements were also transforméohaking
original and transformed domaifsands2 to be equivalent, one these elements infinite in the exterior region).

must have In practice, however, elements do not get transformed (both
' Y S the original and the transformed domain are subdivided, for ex-
/Q oVu - Vu di} = /Q oV - VU di ®) ample, in tetrahedra), and it is for this reason that spatial map-

Denoting with J the Jacobi matrix (3(z1, z2, x3)/ pings are not equivalent to, say, the methods of “ballooning” [1].

9(&1, L2, ¥3)) of the spatial mapping, treating the gradients  an a priori Accuracy Estimate for Ballooning
in (3) as column vectors ik?* and the conductivity tensors as
3 x 3 matrices, one ha¥# = JVu, so the left hand side of
(3) becomes

Consider the following common setup for the method of “bal-
looning” (Fig. 2). In the exterior regiomy spherical shell layers
Q,;(1 <4 < m) of elements with increasing radiy < r; <

/ (VY oV dQ = / (JIVE) o (J7Va)|J| dQ -+ < 1y, are introduced.
Q a To obtain equalitative a priorierror estimate, we take several
_ / (@a/)TJ—TUJ—l@mﬂ dQ, simplific_ation assumptions that make the analysis feasible while
Q preserving the essence of the problem:

from which it immediately follows that the conductivity tensor i) the geometric parameters of elements (such as edge
must be transformed as [6] lengths and minimum singular values—see below)
5= JTo ] ) within one IaygrQi differ no more than by a fixed
constant factor;
_ _ i) numerical constants independent of the essential param-
B. Coordinate Mappings and Perfectly Matched Layers eters of the problem are not examined;

Perfectly Matched Layers (PML) are widely used to model iii) the asymptotic expansion of the potential at infinity starts
wave propagation. Actually, two quite different approaches  with the monopole termy = O(1/7).
are disguised under the common name of PML. Berenger'sAssumption iii) will later be dropped (Section 1V-D). As-
approach [7] is based on an artificial modification of Maxwellsumptions i), ii) could be relaxed somewhat, but at a consid-
equations in a fictitious absorbing layer, and cannot be incorp@i-able expense of simplicity and clarity.
rated into FEM in a natural way (in addition, stability problems For problem (2) itis natural to measure the error in the energy
have been reported [8]). seminorm:

More promising in the FE context is the method due to Sacks ) L

L . . . = /2

et al.[9]. A layer of a fictitious absorbing material, with com- lulp = (/ o|Vul” d)
plex permittivity and permeability, is introduced. It turns out that ) ¢ ] )
for suitable material parameters the reflection coefficient can be he numerical error has two components: the first one is due
made zero for all angles of incidence of a plane incident wavi® the truncation of the domain at,, the second one is due

Recently PML's were applied to e'eCFfO' and magsédtic 1it is only under this assumption that the infinite series in [7] converge to the
problems [10]. However, the analysis and the boundasytual values of the potential.
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o If in addition k; = k£ = const,
|ut7’unc_uh|129 x Un_li?nTalq(q—1)(1—q_3)(1—q_m)//€2 (7)

We can now turn to the truncation erfot, — t4yune| £ 1IN (5).

Type 1 If the “ballooning” boundany™,,, is spherical, for the monopole
term the truncation errdfieo — werunc| £ 1S Z€ro because., —
Utrune X 1/7m and thereforé&Vus, — Vigpe = 0+ -+ -
The truncation error is then due to the leading multipole term
p(p > 2) and its order of magnitude can be shown to be

Qin
? - —2 +1 (—
|U/oo Utrunc |E x T, (2]7 1) 0 P q( 2p+1)m (8)

Fig. 2. Ballooning. The asymptotics of the total error (5) is thus

oL

Hlln - - —m 1/2
to the FE approximation of the exact solution in the truncate% — up|p p (ro Ly(g—1)(1 =g 3)(1—g¢ )
region: /2

1
—2p+1 (— m
|U'oo - U/h|E S |U'oo - U/trunc|E + |U'trunc - U/h|E (5) + (TO P+ q( e ) (9)

whereu,, anduune are the exact solutions in the unbounded The approximation error is a monotonically increasing func-
and truncated domains, respectively;is the FE solution in the tion of ¢, while the truncation error is a decreasing function of

truncated region. ¢. Thus an optimal value af exists that minimizes the error (9).
The FE solution error in théh element layer; _; < r < r;
can be estimated as C. An a priori Accuracy Estimate for Spatial Mappings
[Utrune — wnl| g, ico i hillwrunell 2, i (6) With the coordinate transformation given by (1) and with the

assumed asymptotic behavior of the potentiatkx 1/», one
serves that the potential is (approximately) a linear function
the new variableg":

whereh; is the element diameter in thith layer, andr,;,, is the
minimum singular value of the element edge shape matrix [1
[due to assumption i), it does not matter which element within .
the layer is taken]. The use of the minimum singular value es- U X Roo(0, ¢) —7(0, ¥) (10)
timate, as opposed to, say, the inscribed sphere criterion [12], Ro(6, )(Roo(0, ¢) — Ro(0, ¢))
is essential. For a “wedge-like” element, like Type 1 in Fig. 2, According to (6), the energy norm of the FE solution error
the minimum singular value estimate is much more precise thagpends on thél2-norm of, that is, primarily on the magni-
the inscribed sphere estimate (see [13] for details). At the satuéle of the second derivatives of From (10), one notes that
time, any error estimate would indicate poor approximation ag2,/97> = 0. Expressions for the angular derivatives are quite
curacy for a “flat” element, like Type 2 in Fig. 2. cumbersome, but qualitatively
) s < . .
The H--norm of the exact solution in the right hand side of 0%y ’R.. OR.OR, R

6) is evaluated under assumptions iiii): - =4
© P ) o2 00 T oa da T 0a2’ (@=0¢)
[wtranellFrz, i o< (117|372 5 o< 11/ 1|72 4 o / (r=*)?dQ  (and a similar relationship fa#2u /969.).
,,7_ & It is then clear that the best approximation will generally be
o / Y dr oo 7’;31 — 7’;3 achieved for spherical artificial boundaries, whg and R,
ri1 are independent of the angles. This result is corroborated by the
Substituting into (6), we obtain numerical experiments of Section VI.
2 272 —3
(trune = unlh,; < o hi (rily — i) D. Higher Multipole Moments
The global error in the exterior region is thus found from We briefly consider the case (typical for magnetostatic
) m ) problems) when the monopole term is absent and the
[Utrunc — un|E = Z [Utrune — unlE ; expansion of the solution starts with a higher moment:
=L o f(0, 9)/r(p > 2).
2 -3 i i i i i
o Z anunh’? — ) a) l_3a|_|oon|ng. Repeatlng the previous analysis, one obtains,
in lieu of (9):
As an illustration, assume a practical scenario that the radii |, — uhIE
r; INncrease in a geometric progression, .= roq" for some - 1)
q > 1, and each “ballooning” layer is evenly subdivided iAto min .
sublayers of elements (sublayers not shown in Fig. 2 for sim- 12
L S ] 1 — g(—2p+1)(m—1)
plicity). Thenh; = (r; — r;—1)/k;, and therefore | 2t (1— g2t q
0 4 1—g2ptL

—2 2
runc 3 - 1 1 - N 1/2
|ttrume — unl% x 02275 alg ' Z ¢ /K. + (rgargenm) (11)



636 IEEE TRANSACTIONS ON MAGNETICS, VOL. 36, NO. 4, JULY 2000

borehole transformed
To region
O'1 0'2
L /J
o, o, /
Fuo Ftrunc
Fig. 4. Test meshes for the problem with open boundaries.
0'5 0'6

I \
measuring device

Fig. 3. A schematic representation of the geometric setup.

b) Spatial mappings. One needs to distinguish between the
cases of spherical and nonspherical exterior boundarigg s. A spherical sector.
Iy, I'wo. If either of these two boundaries is nonspher-

ical, there is no qualitative change in the analysis of Sec- TABLE |
tion IV-C: the angular derivatives dt, and R, control A UNIFORMLY CHARGED SPHERE IN
the H2-norm of the solution. However, if bothy, I'o AR
are spherical, the accuracy deteriorates compared to tf Test case Number of  Number of  Time. Error
monopole case. The main reason for this deterioration | unknowns®  iterations s o
not thatd?w/d7% is no longer close to zero (that could  Truncation %273 13 69 33
be rectified by redefining the spatial mapping- ) but Riwe = 12m |
that the angular derivatives of the solution are necessari  Truncation 74,273 142 204 27
nonzerc Rirune = 50m

Spatial mapping 74,273 102 156 1.6

V. GEOPHYSICAL APPLICATIONS Ro = 10m,
Reo=12m

In oil exploration, a measuring device is moved in the
borehole to test the characteristics of underground formations
(Fig. 3). We shall consider here galvanic tools measuring dca) The domain is truncated at an artificial exterior boundary
currents in the ground. Such tools bear several electrodes, some -, . \where the homogeneous Dirichlet condition is im-
of which have fixed potentials and act as sources, while others  posed. The distance to the truncation boundary in the ex-
have floating (unknown) potentials. The conductivity of the periments may vary.
ground formations may be inferred from electrode voltages andy) The spatial mapping of [6] described in Section II-A is
currents. The axial length of the tool is usually 10-20 feet, the * considered. For simplicity we takB.. = cRg, ¢ =
diameter is 2—8 inCheS, while the electrode sizes can be less const. The homogeneous Dirichlet condition is imposed
than an inch. The difference in the characteristic sizes leadsto  onr__.
an extremely large number of finite elements.

Moreover, the domain is unbounded. Integral equations @e A Uniformly Charged Sphere in Air
not well suited for_ the muItllaye:red media, the complex tqol This problem has a very simple analytical solution
geometry and deviated (nonvertical) boreholes. The nonunifgg-

: ) W= (4nr2v/dnegr) = (r2v/egr), of V = 1/r, if we assume
mity of the outer region (due to the presence of ground Iayersg _ (1 an((Jj;///go i )1 Wﬁweoreéoois)the radius/of the sphere and

. . T
pre”se_lrjlf a serrioutf] eroé) Iemt;‘]ordhy_kt)rr:d FEt_MI'BEM !“ethOf'S @is the surface charge density. Since the potential is exactly
\k’)\'e .d (IdeISW y the d _tmhef Ot WII spatial mappings ot uny ;.. 54 goesn't depend on the angles this case is ideal for the

ounded domains and with 1ast SOVErs appears promising. ‘Jifyia| transform. Due to symmetry, only one spherical sector
method can also be extended to induction logging (eddy e 1o degrees is modeled (Fig. 5)

rents in the ground), but this is beyond the scope of the paper. The relative erroe is evaluated in the energy seminorm:

VI. NUMERICAL EXPERIMENTS e = [un — ool /|tco| 1 -
A. General Setu .
P Table | summarizes the results for tests a) and b).

The numerical tests below illustrate the advantages and therpe spatial transform appreciably improves the accu-
disadvantages of spatial transforms. Two different cases weggythe effect that cannot be achieved by simply extending
considered (Fig. 4):

3In Tables I-11l the numbers of unknowns and iterations refer to the last level
2The equivalence sigl o Y implies that the ratio/Y" is bounded, with of mesh refinement (finest mesh). The time is the total time of the multilevel
the bounds independent of any parameters of interest. solution including mesh refinement and matrix assembly.
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TABLE I
" =0 LOCAL AND GLOBAL MESHREFINEMENT FORDOMAIN TRUNCATION
Royune, Global refinement Local adaptive refinement
inches Unknowns  Error,% Unknowns  Error, %
6 120,321 19.5 51,323 20
12 128,529 7.53 57,632 8.03
24 130,329 3.24 54,313 3.79
48 130,329 1.93 59,130 2
96 130,329 1.9 45,761 1.31
200 130,329 2.09 49,498 1.29
TABLE I
SPATIAL MAPPING VERSUSTRUNCATION
Fig. 6. The model problem. Description of the test Unknowns  Time,s' Error, %
Truncation, Ryum.= 96°° 130,329 772 1.9
2.z’ inches global refinement
a1 Truncation, Ryum.= 96°° 45,761 561 1.31
local refinement
41 Spatial mapping, 122,625 331 1.64
3 Ro=5",R0=6",
5 global refinement
Spatial mapping, 44,908 113 0.88
! Ry=5",Ru=06"
0 local refinement
2 of matrix normss = ||R;, — R||/||R||, whereRy, is the matrix
- of resistances computed by finite element modeling.
A The effects of domain truncation and the spatial mapping
-5+ PP, were tested. Results for the truncation are shown in Table II.
s, inches Global and local adaptive mesh refinements are compared. The
2 3 4 5 B total error comprises the domain truncation error and the FE dis-

cretization error. For smal;,...., when the error is primarily

due to the truncation of the domain, both refinement techniques

are equivalent. For larger distances the discretization error of the

vthe outer boundary while keeping the number of degrees @bbal refinement would tend to increase due to the increased

freedom the same. element size. But adaptive refinement automatically adjusts the

Unfortunately, there is a trade-off for the higher accuracyesh density thus keeping the discretization error small.

The method with the transform converges more slowly due toHowever, even though the error can be reduced substantially
“bad” element shapes. Indeed, the elements in the transforniydincreasing the truncation distance, badly shaped long and
region are the mappings of fictitious quite narrow and long el#3in elements cause a substantial increase in the computational

Fig. 7. Equipotential lines and mesh for the model problem (2-D view).

ments—obviously, not the best choice for a FE mesh. time. ChangingR;;.... from 6 to 200 inches requires about
15 times longer simulations. Further extension of the outer
C. A Sample Geophysical Problem boundary makes the computation impractical.

. : . : :
The test problem resembles the actual geophysical configau-Table Ill* compares the spatial mapping with truncation. The

ration, with the measuring tool shrunk along the vertical axi;sdevlimage of the mapping coupled with local refinement is ev-
Several insulated conducting rings on a dielectric cylinder serveln atypical simulation with the spatial transform the solution

as electrodes (Fig. 6). Two electrodes labeled with the same - : .
ni:e is approximately proportional to the number of unknowns.

number are electrically connected and have the same potenHa ; )
ig. 8 shows convergence results for the sample geophysical

The medium is uniform with the conductivity = 1 5/m. The roblem of Fig. 6, with three different electrodes “active” (i.e.,

problem is axisymmetric, so the modeling was done in the cylif- . . :
drical sector (1/126th part of the full circle). ﬁavmg a unit potential, with all other electrodes grounded).

) . . . However, there is a trade-off between the solution accu-
Fig. 7 shows a 2-D cross-section of the equipotential “n?gc and the convergence rate of the multigrid solver. When
with electrode #2 having potenti&f = 1 and all other elec- y 9 9 '

traditional adaptivity procedures (see [5]) are applied in the
trodes grounded. transformed region, the effective mesh quality tends to de-

The guasi-analytical matrixt of resistances between eIeC_eriorate impeding multigrid convergence. Investigation of
trodes is available for this problem and is used to evaluate the » 1Mp 9 9 9 ' 9

accuracy of FE simulations. The error is computed as the rati@For a 400 MHz Pentium I
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. 8. Convergence results for the spatial transform.
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3) The following methodological principle should be em-

(1]

[2

]

phasized: the approximation accuracy is a key factor in
the comparison of different finite element techniques for
open boundary problems.
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